
CS 5311 HW 2: The CFL Pumping Lemma Due: Tues., 2/26/13

(90 points)

1. (15) LetL be the language generated by the following context-free grammar:

S → SSS | a

(a) Prove or disprove:L is a regular language.

(b) The grammar forL has|V | = n = 1 andb = 3 (as in the proof sketched in class
and in the proof given in the book), so the value ofp computed in those proofs is
p = bn+1

= 32
= 9 for the grammar forL.

Find the smallest natural numberp that satisfies the pumping lemma for context-free
languages (Thm. 2.34) for the languageL. (Hint: The correct answer to this problem
is a value forp that is much smaller than 9.)

(c) Show that your answer is correct.

2. (10) Every regular language is also a context-free language. (See Corollary 2.32.)
Let L be a regular language. Letp be a “pumping length” for which the pumping
lemma for regular languages (Theorem 1.70) is true forL. Show that Theorem 2.34
is also true forL with the same pumping lengthp.

In other words, prove that ifL is a regular language with pumping lengthp in Theo-
rem 1.70, thenp is also a pumping length forL in Theorem 2.34.

3. (25) None of the following languages is regular, but at least one is context-free. For
each of the following languages, prove that it is not context-free using the pumping
lemma for context-free languages or prove it is context-free.

(a) La = { 0i1i0i1i | i ≥ 0 }

(b) Lb = { 0i1j0j1i | i, j ≥ 0 }

(c) Lc = { 0i1j0i1j | i, j ≥ 0 }

(d) Ld = { 0i11j10i21j2
...0in1jn | ∑n

k=1 ik = ∑n
k=1 jk }

(e) Le = { 0i11j10i21j2
...0in1jn | ik = jk for 1≤ k ≤ n }

Note, for example, the string 011001 is inLb andLd and not inLa, Lc, or Le. Also,
the string 010011 is inLd andLe and not inLa, Lb, or Lc.



4. (20) LetΣ = {1,+,=} and define the languageL = { 1i+ j
= 1i

+1j | i, j ≥ 1}. Build
a Turing machineM that acceptsL. Note thatM “computes” unary addition, that is,
M accepts strings that are legal arithmetic expressions of unary addition.

Give the excruciating details of the construction ofM as in Examples 3.7 and 3.9.
Also, write an explanation of howM works, as in those examples.

5. (20) Problem 3.11. This problem is often solved using a 2-tape Turing machine but
you must solve this problem by showing how to convert a Turingmachine with a
doubly infinite tape into a standard single-tape Turing machine. Give the details of
the construction that are required to solve this problem. (You are welcome to use
the construction ideas of the proof of Theorem 3.13 but you may not simply invoke
that theorem as a proof.) Provide a level of detail analogousto the solutions to
homework problems 1.2 and 1.3, that is, give a “mechanical” construction algorithm
that converts a generic Turing machine with a doubly infinitetape into an equivalent
standard single-tape Turing machine.


